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12548. Proposed by Aryan Desai, Ahmedabad, India. Let [n] = {1, ..., n). For how
many functions £ : [n] — [n] does there exist a surjection g: Z — [n] such that
g((a+b)/2) = f(g(a), g(b)) for every pair of distinct integers (a,b) with a + b

12549. Proposed by William D. Weakley, Purdue University, Fort Wayne, IN. Say that
a conic section kisses a line if it is either tangent or asymptotic o that line. Choose
three lines in general position in a plane, and let P be a point in the plane that is not
on any of the lines.

(a) What is the locus of the centers of all ellipses and hyperbolas that pass through P
and kiss each of the three lines?

(b) What are the possibilities for the number of parabolas that pass through P and kiss
each of the three lines?

12550. Proposed by Ovidiu Furdui and Alina Sintéméirian, Technical University of
Cluj-Napoca, Cluj-Napoca, Romania.

(a) Evaluate fim, o, [ |sin"(x) — cos"(x)|'"* dx.

(b) Evaluate

Tim n? (L—f'ﬂ sin"(x) — cos" ()| dx) .
o

where L is the limit in (a).

12551. Proposed by Alperen Inan, Tibitak Science High School, Kocaeli, Turkey. Fora
prime number p and an integer ¢ with ¢ # 0 (mod p), let ord, (c) be the multiplicative
order of ¢ modulo p. For a nonzero polynomial f € Z{x] with £(0) # 0, let

S ={ordy(c): c € Z, pisprime, f(c) =0 (mod p), and ¢ £ 0 (mod p)).

For example, when f(x) = x* — 2, we have 3 € S because f(4) = 0 (mod 7) and
ordy(4) = 3. Show that S i finite if and only if there exist positive integers ¢ and d
such that £ divides (x4 — 1)°.
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MA341. In a soccer game the home team won by 5 goals to 4. The home
team scored first and were never behind in the game. In how many ways could
the goals have been scored?

MA342. Points A and C are vertices of a cube with side length 2 and B is
the point of interscetion of the diagonals of one face of the cube, as shown. Find
the length |CB].

MA343. 1f 2025 = abc?, what is the minimum vals

a,b,¢,d arc positive integers?

fa+b+ctd, where

MA344. There are 32 competitors in a tournament. No two of them are
cqual in playing strength, and in a onc against one match the better onc always
wins. Show that the gold, silver, and bronze medal winners can be found in 39
matches.

MA345.

iind the altitude of the cquilateral triangle whose arca and perime-
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OCT751.  Let A,B € M,(R) be matrices. Consider the matrix function
[ : Mo (€) = My (C) defined by

J(Z)=AZ + BZ,  ZcM,(C),

where 7 i the matrix having as clements, the conjugates of the dlements of 2.
Prove that the following statements are equi :

(i) / is injective;
(i) f is surjective;

(i) the matrices A+ B and A — B arc invertible.

OC752. Let f:[0,1] > R

continuous function with f(1) = 0. Prove

the existence and determine the value of the limit

o
lim (— [ =Gt - s «h)
oi\1-t)y

a b ¢
—h-t-=gt1l
PP

OC754. Solve in real numbers the equation
logy(52-10) _ g _ -1 +logaz_

OCT755. Consider the inscribable agon ABCDE in which AB = BC'
€D and the centroid of the pentagon coincides with the center of the circumseribed
circle. Show that the pentagon ABCDE is regular.
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5081. Proposed by Alex Roberts.

Oscar bought a sct of blank playing cards. He puts stamps on cach card such that

cach card has k > 4 different stamps and

1. every two cards have exactly one stamp in common;

2. cvery stamp is used at least twice.

Show that the number of different stamps v he can use is in the range

(’“'l)<.,<l¥ kt1,
2

the number of different cards b he can use is in the range
k+1<b<k®—k+1,

and that V = maxv is at least k2 — 2k + 5 for any k and cquals k2
infinitely many k.

5082. Proposed by Michel Bataille.

Let Hp = 35 1. Bivalt
&

te

1)k,
3o (1)

5083. Proposed by Vasile Cirtoaje.

k+1 for

Let a,b,¢,d be nonnegative real mumbers such that a > b > ¢ > d and ab + be |

cd + da = 1. Prove that

abe + bed + cda + dab < 1.
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5084. Proposed by Xicheng Peng.

Let ABC be a triangle. Let its incircle O touch the side BA at point . Prove
that the arca of ABC' is AF - FIB - cot.
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5085. Proposed by Tran Ngoc Khuong Trang.
Prove that the following incquality

a|1 h|1 21V

holds for all non-negative real numbers a,b,¢ satisfying ab + be + ca = 1. When
docs cquality occur?
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5086. Proposed by Mihacla Berindeanu.

Let ABC be an acute triangle. The biscctor of angle B cuts the perpendicular
bisector of scgment AB at Ci. The projection of point Cy onto AB, respectively
AC is Cy, respectively Cy. The points By, By, By and Ay, A, Ag arc defined
similarly. Show that:

ACy  BAy OBy _BC  CA  AB
AC, 'BA, ' CB, “BA ' CB ' AC

5087. Proposed by Tatsunori Irie.

Let n > 2 be an integer and let a1, az,...,an be integers with 1 < a; <n (1 <

i< n) such that ay + az + -+ an = 0 (sod n). Show that if the a; o
cqual, then there LxmL'idnou«.lany proper subsct {i, iz, ..,i;} C {1,2,...,n}
with 1< j < n such that a;, +az, +--- + a;, =0 (mod n).

5088. Proposed by To An Ky.

Let ABCD be a pasallelogram satisfying BC = BD. Let w be a circle contered at
the midpoint of scgment CD, touching side BD at . From A, construct segment
AK tangent to w at K (K ¢ AD). Show that ZBKE = 90°.

5089. Proposed by Tatsunori Irie.

Consider the infinite nested radical obtained by starting from the innermost term
V2 and wrapping outward choosing cither + or — sign independently:

2+ \/24 V24 V2

Can onc, by a suitable choice of the signs, obtain valucs arbitrarily close to any
prescribed number in the interval (0,2)?
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5090. Proposed by lon Pitrascu.

Let ABC be a triangle where O and I are the centres of its circumscribed and
inscribed circles, and R and r are the radii of these two circles rospectively, such
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that R = r(1 + v/2). Let D, E and F points where the inscribed circle
touches BC, CAand AB. Let 4, s, Qg be the cireumseribed circles perta
triangles BOC, COA and AOB, and Dy, Ey, Fy be the points where these circles

rays OD, OF and OF respectively. Prove that Dy, £, Fj a i
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THE SANDBOX

So Many Circles (P490). Gregory Dresden and
Anshika Patel (Washington & Lee University) bring
us this problem. For a fixed positive integer N > 2,
‘we imagine taking a circle of radius 1 and rotating
it N times around a fixed point with each rotation
angle being 27/ N.
Figure 1 (top) shows
an example with

N =6 rotations of a

circle of radius 1

(drawn in bold),

rotated about the

point on the far left of
the bold circle.

1) Without using
calculus, find the
area of the N-petal
star in the center.
Figure 1 (bottom)
shows the area of
the star (in black)
for N=6.

2) Using calculus as
needed, analyze
the behavior of
the ratio of the
areas of the
(N +1)-petal star
and N-petal star
as N - o,

Figure 1. N rotations of
acircle around a point.
(top) and N-petal area
for N=6 (bottom).

Expressing Twenty-Four (P491).

Jason Deng (Lexington High School, MA)
suggested this problem. Using the three
‘mathematical operations <, /', and In along
‘with the number 2 exactly three times, find
an algebraic expression that equals 24. The
number 2 should appear exactly three times
and each of the three operations should be
used at least once. Parentheses may be used

freely.

Red Cards (P492). Matt Davis posed this
problem connected to his article “Turing
Machine: A Tabletop Source for Metalogic
Puzzles.” Ten logicians are on a reality game
show. They each have a red playing card on
their forehead. Fach player can see the cards
of the other players, but no one can look at
their own card or tell anyone else about the
cards they see. If a person can state for sure
‘what color card they have, they win a large
prize. At the end of each episode, the players
are separated, and each person has the option
to declare their card color, but only if they are
sure—no guessing! Only after all players have
‘made their choice do they come back together
to see the results. At the start of episode one,
the players are told that at least one of them
has a red card. How does the game end?
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A Box Inequality (P493). Mohammad K. Azarian
(University of Evansville) proposed this problem.
Abox B, with length £, width , and height b, is
contained in a larger box B, with length I,, width
w,, and height ,. Suppose B, is located exactly
in the middle of 2,. That is, all sides of B, are
equidistant and parallel to the corresponding
sides of B,. Let o, and z, be the volumes of B,
and B, respectively. Let Gy — 2(wy + ) be the
girth and 5, the surface area of B;. Assume

vy —vy — 141 +(Gy +5,)/2. Prove that v, > 8,y .




image1.png
MA336. Proposed by Michael Friday.

Suppose that in triangle ABC we have ZA — /I = 90°. Prove that the orthic
triangle of ABC, which is the triangle formed by the feet of the altitudes of ABC,
is isosceles.

MA337. Proposed by Alaric Pow.
Prove or disprove that there cannot, be a right-angled triangle whose sides are all
of prime length.

MA338.

A heale is constructed from a circle by reversing three non-intersecting arcs, cach
of which s 1/6 of the circumference. If the radius of the circle is 1, find the exact
area of the hexle.

MA339.

1 p and ¢ are positive integers such that
2. 1.1 2

MA340.

Suppose that, m and n are positi
m* + 4n* be a prime number?

e integers. For what values of m and n can
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OCT46. Two different integers u and v are written on a board. We perform
& sequence of steps. A each step, we do one of the following two operations:

(i) 17 a and b are different integers on the board, then we can write a-+b on the
board, if it is not already there.

(i) 1f a, b and ¢ are three different integers on the board, and if an integer o
satisfies az? + bz + ¢ = 0, then we can write  on the board, if it is not
already there.

Determine all pairs of starting mumbers (u,v) from which any integer can eventu-

ally be written on the board after a finite sequence of steps.

OCTAT. Tind all positive integers d for which there exists a degree d polyno-
‘mial P with real coeflicients such that there arc at most d different values among
P(0), P(1), P(2),...., P(d® —d).

OC748. The complex n xn matrices A, B satisfy the relation A%B + BA? =
2ABA. Check that X = AB — BA commutes with A, and cither using this or in
any other way prove that there exists k € {1,...n} such that X* = 0.

OCT749. 11 H is a set containing a given number n > 1 of (arbitrary) positive
integers, how many elements can be in {zy + z|z,, 2 € H} at most and at least?

OC750. Find .
a3 (5 )
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5071. Proposed by Michel Balaille.

Let triangle ABC be inscribed in a circle T with center O and let its incircle 7, with
center I, touch BC at D. Let M be the midpoint, of the are BC of T containing
AL ¥ the line MD intersects v at U # D and T at V # M, prove that IU and
OV are parallel.

5072. Proposed by Sedn M. Stewart.

Consider the sequence of polynomials {Pu(x)},,5q defined by the exponential gen-
erating function
. -
[ S
o+ &

»

Show that

g (k) [ nr sty = .

5073. Proposed by Yun Zhang.

Let Ay, Ap, A3, Ay be the vertices of a tetrahedron with volume V/, and let P be an
arbitrary point in its interior. For each k = 1,2,3,4, let My denote the midpoint
of the segment AxP. Tor each k, construct a plane that passes through My that,
is parallel o the face opposite Ax and intersects three edges of the tetrahedron.
This divides the original tetrahedron into four internal tetrahedra of volumes V.
Show that

27
Vit Vet Vot Va> —V,
1+ Vet Vot Va2 5oV,

with equality if and only if the point P is the centroid of the tetrahedron.

5074. Proposed by Vasile Cirtoaje.

Let a,b, ¢,d be nonnegative real numbers such that at most one of them is larger
than 1 and ab+be + cd + da = 4. Prove that

1 1 1 1 1 1
>
@3 ars T adve thers e T adra s

2.
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5075. Proposed by Malt Olechnowicz.

Let m and k be positive integers. Show that
((m + 1)&) <(m+1) (mk)_

5076. Proposed by Michael Friday.

Lot O and H be the circumcenter and orthocenter of triangle ABC satisfying
LB — ZA = 90°. Prove that the cireumcenters of triangles BCO, CAO, BCH,
CAH, and vertex C, all lic on the same circle.

5077. Proposed by Nguyen Viet Hung.

Given a triangle ABC with the centroid G, let M be an arbitrary point inside the
triangle. The lines that pass through M parallel o the median lines interscet the
sides BC,CA, AB at X, Y, Z respectively. Prove that M, I, G are collinear, where
E is the centroid of triangle XY Z.

5078. Proposed by Talsunori Irie.

Let n be an integer such that 7. > 2 and let 2.
following holds:
(+3)

e & positive integer.

+l)n7l.

5079. Proposed by Torabi Dashli.

Tor a square ABCD, let. P be a point, on AB and consider a triangle PQR, where
Q is the point, of intersection between DP and the diagonal AC, and R is on BC

such that ZADP = ZBPR. Prove that PQ = PRl and only if AP : PB = Y5t
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5080. Proposed by Nguyen Van Huyen.

Let a, b, ¢, d be positive real numbers. Prove that

@B + a2 + a®@ + PP + Pd? + A

1,11 1
>(a+bte P ]
e +10> (a+b+ +:l)(u+b+c+d)

When does equality hold?
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12545. Proposed by Erik Vigren, Swedish Institute of Space Physics, Uppsala, Sweden.
For nonnegative integers m and n with n > m +2, let

=) -0 )

(@) Prove fu(n+1) # fu(m).
(b) For which pairs (m, n) does fu(n+ 1) > fu(n) hold?

12546. Proposed by David Bevan, University of Strathelyde, Glasgow, UK. Let
Ci,...,Cuand R be n + 1 coins, each of which has probability p (with 0 < p < 1)
of coming up heads and probability 1 — p of coming up tails. All the coins are flipped
independently. For each i, if coin C; shows a result that differs from the result of R,
then this result (heads or tails) is recorded as the outcome of C;, which then retires. If
coin C; matches the result of R, then it remains in play. This process is then repeated,
with R and the remaining coins being flipped. Again, any coin C; that does not match
R is retired and the outcome recorded. This continucs until all coins C; have been re-
tired and had their outcomes recorded. For 0 < k < n, what s the probability (in terms
of p, n, and k) that exactly k of the n outcomes are heads?

12547. Proposed by Tho Nguyen Xuan, Hanoi University of Science and Technology,
Hanoi, Vietnam. Let A, ...., A, be distinct points in the plane, with n > 3. Let S be
the sum of the lengths of all the segments A;A; (1 <i < j < n). Let T be the sum of
the lengths of all segments whose endpoints are among the set of midpoints of the (%)
segments joining pairs of points in (A1, ..., As).

(@) Prove T < Ln%72S.

(b)* Find the smallest c(n) such that T < ¢(n)S for all sets of n points.





